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A mechanism for holography for non-interacting fields
on anti-de Sitter spacetimes
Wojciech Dybalski & Micha l Wrochna
Abstract. In the setting of non-interacting Klein-Gordon fields on
asymptotically anti-de Sitter spacetimes, we show that algebras of ob-
servables localized in a neighborhood of the boundary are subalgebras
of a boundary algebra. The underlying mechanism is directly related to
holography for classical fields. In particular, the proof relies on unique
continuation theorems at the conformal boundary.
1. Introduction
1.1. Introduction, main result. Manifestations of the AdS/CFT duality
can be efficiently probed on the level of classical fields. In particular, given a
fixed asymptotically anti-de Sitter (aAdS) spacetime (M,g), it is well under-
stood how to assign to each classical solution of the Klein-Gordon equation
a datum on the conformal boundary ∂M [GL91, Va12]. Furthermore, it
was shown recently by Holzegel & Shao that solutions with vanishing data
necessarily vanish in a bulk neighborhood of the boundary [HS16, HS17].
Alongside with Holmgren’s theorem in the analytic case, this provides a
rigorous mechanism for holography in the classical case.
Now, in the case of quantum fields, one can ask how holography is tied
to the classical degrees of freedom, see for instance [KL08]. The question
is interesting even for non-interacting fields on a fixed aAdS background,
which are believed to approximate the N → ∞ limit of Maldacena’s form
of AdS/CFT for small field amplitudes [Ma99]. It can also be asked in the
rigorous setting of Rehren duality [Re00a, Re00b] (or algebraic holography,
cf. [Ri07a, Ri07b] for a generalization), which relates two quantum theories
without explicitly appealing to classical dynamics. A clearer link with the
classical case is exhibited by what is often called the field-theoretical corre-
spondence, which is however based on a boundary-to-bulk map that inte-
grates over different field masses; its interpretation is thus less direct, cf. the
works of Du¨tsch and Rehren, [DR02] and [DR03, (4.17)]. Multiple indica-
tions about the classical phenomena underpinning quantum holography can
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be found in the physics literature, see e.g. [HKLL06, Mo14, KW14, KO14],
cf. [Ha18] for a recent review including bulk reconstruction procedures. How-
ever, typically high symmetry of spacetime is assumed and the analysis re-
lies on explicit formulæ, which somewhat obscures the existence of a general
mechanism.
In the present work we focus on linear Klein-Gordon quantum fields on
a fixed aAdS spacetime. Our goal is to provide a mechanism for quantum
holography based directly on a unique continuation property for classical
fields of the kind considered by Holzegel & Shao or as in Holmgren’s theorem
in the analytic case. Our main result can be summarized as follows.
For any open set O in the boundary ∂M , let V (O) ⊂M be defined by the
property that any classical solution with data vanishing on O automatically
vanishes on V (O). Then we have the inclusion of C∗-algebras
(1.1) Abd(O) ⊃ Abulk(V (O)),
where Abd(O) represents boundary observables localized in the region O,
and Abulk(V (O)) are bulk observables localized in V (O).
In our non-interacting setting, the algebras (1.1) are CCR C∗-algebras.
They are spanned by abstract Weyl operators W (v), where v are distribu-
tions supported in ∂M × O, respectively in V (O). The main difficulty is
that distributions of the form v = δ∂M ⊗ϕ with ϕ ∈ C∞c (O) are too singular
to belong to the symplectic space of functions on M obtained by general-
izing the standard constructions to aAdS spacetimes. To cope with this
problem we take the completion with respect to the scalar product induced
e.g. by a quasi-free state ω. Whereas the choice of ω enters the definition of
Abulk(V (O)), the result is valid for any state ω satisfying a mild regularity
assumption (analogous to the often made requirement on globally hyperbolic
spacetimes that the n-point functions are distributions). In particular, it is
satisfied by all holographic Hadamard states [Wr17]. Therefore, (1.1) reflects
features of the system that are independent on the choice of particular ω.
We remark that (1.1) implies that in any representation π, if a vector Ω is
cyclic for π(Abulk(V (O))) then it is also cyclic for π(Abd(O)). In particular,
if V (O) 6= ∅ and if the Reeh-Schlieder property holds true in the bulk, then
a dense subspace of the Hilbert space can be recovered by acting on Ω with
boundary observables, as in the work of Morrison [Mo14].
1.2. Plan of the paper. To make our proofs more transparent, we first
work in Section 2 in a completely abstract setup. Theorem 2.2 therein
is the abstract version of our main result, and is expected to apply in a
variety of different settings. We also give an alternative to Theorem 2.2
for ω-independent bulk algebras. In Section 3 we specialize to (Dirichlet)
Klein-Gordon fields on asymptotically AdS spacetimes and we check that
the assumptions of Theorem 2.2 are satisfied. This part is largely based on
the analysis in [Wr17], which in turn relies on results by Vasy on classical
fields [Va12]. In the last part of Section 3 we explain how (1.1) applies with
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non-empty V (O) in the analytic case, and provide an outlook concerning
the smooth case, in which the use of Holzegel and Shao’s result encounters
extra technical difficulties.
Appendix A briefly reviews Weyl CCR C∗-algebras and quasi-free repre-
sentations.
2. Abstract setup
2.1. Notation. If X is a topological real vector space, we denote by X ′ its
continuous dual equipped with the weak∗ topology.
If Y is a topological real vector space and α : X → Y is a continuous
R-linear map, we denote by α′ : Y ′ → X ′ the dual operator. If Z ⊂ X is
a subspace, then we denote by α ↾ Z the restriction of α to Z meant as an
operator Z → Y .
The space of bi-linear forms on X is denoted by L(X ,X ′), and the sub-
space of symmetric ones by Ls(X ,X ′). For η ∈ L(X ,X ′), we denote by
(v1 · ηv2) ∈ R the evaluation of η on v1, v2 ∈ X .
2.2. Framework and main result. We introduce an abstract setting to
study relations between the algebras of observables of the free scalar field lo-
calized at the boundary and at the bulk of a Lorentzian spacetime. Namely:
(1) Let X be a barreled1 topological real vector space, and let σ be a
symplectic form on X . Let Xbulk ⊂ X be a subspace of X .
(2) Let Xbd be a topological real vector space.
(3) Let ∂ : X ′bulk → X ′bd be a linear map such that the restriction
∂ ↾ X ′ is continuous.
(4) Let η ∈ Ls(X ,X ′) be strictly positive, i.e. (v · ηv) > 0 if v 6= 0.
Furthermore, we assume that |v1 · σv2| ≤ (v1 · ηv1)1/2(v2 · ηv2)1/2 for
all v1, v2 ∈ X .
The space X represents all bulk degrees of freedom. We will focus our
attention on a possibly smaller set of bulk degrees of freedom Xbulk. The
space Xbd describes some boundary degrees of freedom.
The positivity conditions on the symmetric form η will allow us to inter-
pret it as the covariance of a quasi-free state, see Appendix A for a brief
introduction on CCR algebras and quasi-free states.
In the first place, we want to embed Xbd in bulk degrees of freedom. Some
special care is needed, however, because in practice we expect the embedding
to make sense only after replacing X by its completion X cpl with respect
to η. Such completion arises naturally in the GNS construction w.r.t. the
quasi-free state associated to η.
Then, the goal will be to study the relationship between Xbd and Xbulk. In
what follows we consider a regularity assumption that allows us to construct
1See e.g. [Tr67, Def. 3.1, 33.1] or [Ja81] for the definition of a barreled space. For
our applications it is sufficient to consider Fre´chet spaces and inductive limits of Fre´chet
spaces, which are all barreled.
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the embedding (Hypothesis 2.1), and a further hypothesis which will turn
out to imply an inclusion of associated algebras (Hypothesis 2.2).
Hypothesis 2.1. The map η : X → X ′ is continuous.
Hypothesis 2.2. For all u ∈ X ′ we have the implication:
∂u = 0 ⇒ (u = 0 as a functional on Xbulk).(2.2)
The ‘injectivity’ property (2.2) is the most important ingredient for our
analysis. In essence, our main result in Theorem 2.2 reflects the general fact,
that the dual of an injective map on a locally convex Hausdorff space has
a weak∗ dense range (cf. [RS72, Sec. V, Problem 19]). However, we cannot
apply this general property directly, since a priori ∂′ : X ′′bd → X ′′bulk maps
outside of the domain of definition of quantum fields. Another difficulty is
the restriction to the subspace Xbulk. These problems are resolved in the
next lemma.
We stress that X and X cpl carry in general different topologies; when
writing X cpl we will always mean the topology defined by ηcpl (the scalar
product induced by η).
Lemma 2.1. Assume Hypothesis 2.1. Then
(2.3) (Ran (∂′ ↾ Xbd)) ⊂ X cpl.
Furthermore, if Hypothesis 2.2 is satisfied then
(2.4) (Ran (∂′ ↾ Xbd))cl ⊃ (Xbulk)cl,
where the closures are in the Hilbert space topology given by η.
Proof. Let us first show that
(2.5) ηcpl : X cpl → X ′ continuously.
For all u˜ ∈ X cpl, v ∈ X , we have by the Cauchy-Schwarz inequality and the
positivity of ηcpl
|(v · ηcplu˜)| ≤ (v · ηcplv)1/2(u˜ · ηcplu˜)1/2
= (v · ηv)1/2(u˜ · ηcplu˜)1/2.
(2.6)
If X ∋ vn → 0 then (vn · ηvn) → 0 by Hypothesis 2.1, and the fact that a
separately continuous linear functional on a barreled space is jointly contin-
uous [Tr67, Thm. 41.2]. Hence (vn · ηcplu˜) → 0 by (2.6). This proves that
ηcpl maps to X ′.
Now, suppose that X cpl ∋ u˜n → 0, i.e. (u˜n · ηcplu˜n)→ 0. Then, by (2.6),
ηcplu˜n → 0 in the weak∗-topology. This shows (2.5).
Proof of (2.3): Let f ∈ Xbd. We define the linear functional
X cpl ∋ u 7→ (∂′f · ηcplu) = (f · ∂ηcplu),(2.7)
which is continuous because ∂ ◦ ηcpl : X cpl → X ′bd is continuous by (2.5)
and continuity of ∂ : X ′ → X ′bd. By the Riesz representation theorem this
implies ∂′f ∈ X cpl.
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Proof of (2.4): Suppose u ∈ X cpl is orthogonal to all ∂′f , f ∈ Xbd,
i.e. (u · ηcpl∂′f) = 0. Define a functional gu ∈ X ′ by gu(w) ··= (u · ηcplw)
for all w ∈ X . Then X ′bd ∋ ∂gu = 0 and, by Hypothesis 2.2, gu = 0 on all
elements of Xbulk, that is (u · ηcplwbulk) = 0 for all wbulk ∈ Xbulk. Thus, we
have shown that
(Ran (∂′ ↾ Xbd))⊥ ⊂ (Xbulk)⊥,(2.8)
which gives the claim. 
We remark that the argument we use to show (2.4) works similarly to
the proof of the Reeh-Schlieder property for analytic Hadamard states on
curved spacetimes due to Strohmaier, Verch and Wollenberg [SVW02].
Let σcpl be the pre-symplectic form induced by σ on the completion X cpl.
To state our main result we define the C∗-algebra A ··= CCR(X cpl, σcpl) (see
Appendix A) and the following sub-algebras
(2.9)
Abulk ··= CCR(X clbulk, σcpl),
Abd ··= CCR(X ∂bd, σcpl), where X ∂bd ··= (Ran (∂′ ↾ Xbd))cl.
The closures refer to the X cpl topology. We note that by Lemma 2.1, the
boundary algebra is well defined as X ∂bd ⊂ X cpl. As an immediate conse-
quence of (2.4) we obtain:
Theorem 2.2. Assume Hypotheses 2.1 and 2.2. Then Abd ⊃ Abulk.
Corollary 2.3. As a consequence of Theorem 2.2:
1. In any representation π (not necessarily related to η) we have
π(Abulk) ⊂ π(Abd) and π(Abulk)′′ ⊂ π(Abd)′′,
where the prime denotes here the commutant.
2. Any vector which is cyclic for π(Abulk) is also cyclic for π(Abd).
Remark 2.4. Hypothesis 2.2 can be weakened at the cost of strengthening
Hypothesis 2.1. Namely, suppose that Y is a locally convex topological
vector space such that X ⊂ Y ⊂ X cpl, and assume Hypotheses 2.1-2.2
and (3) with X replaced by Y (thus with X ′ replaced by Y ′). Then the
assertion of Theorem 2.2 is still true, as can be shown by a straightforward
modification of the proof.
2.3. Formulation in Kay-Wald representation. Let us now give an al-
ternative algebraic construction, whose advantage is that no information
about the ‘state’ (i.e. η) enters into the bulk algebra.
Consider the η-independent C∗-subalgebras
A ··= CCR(X , σ) ⊂ A,(2.10)
Abulk ··= CCR(Xbulk, σ) ⊂ Abulk.(2.11)
Although for Abd we do not have an η-independent counterpart, we can prove
a variant of Theorem 2.2 in the Kay-Wald representation (HKW, πKW,ΩKW)
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w.r.t. η, see Proposition A.3 in the appendix. To that end we have to suppose
in addition that η defines a quasi-free state, so we need to assume the second
property in (A.37) on η. Also, to meet the assumptions of Proposition A.3
we assume that dimker σcpl is even or infinite.
In this representation, we can define the boundary von Neumann algebra
as follows
Mbd,KW ··= {eiφKW(∂′f) | f ∈ Xbd }′′,(2.12)
where φKW is defined in (A.40), and it makes sense on ∂
′f ∈ X cpl. Here the
prime denotes the commutant again.
Theorem 2.5. We have πKW(Abulk)′′ ⊂Mbd,KW.
Proof. Due to the relation (Xbulk)cl ⊂ (Ran (∂′ ↾ Xbd))cl, for any w ∈ Xbulk
we can find a sequence of fn ∈ Xbd s.t. ∂′fn → w in the Hilbert space
topology given by η and therefore also in the topology given by ( · | · )KW
defined in (A.38). Since
φKW(x) ··= φF((1 + |b|)1/2x⊕ (1− |b|)1/2x), x ∈ X cpl(2.13)
and ‖b‖ ≤ 1, we obtain from Lemma A.1 in the appendix that eiφKW(∂′fn) →
eiφKW(w) in the strong operator topology. This gives πKW(Abulk) ⊂Mbd,KW
and thus the claim follows. 
3. Holography on asymptotically AdS spacetimes
3.1. Notation. If M is a smooth manifold with boundary ∂M , we denote
by M◦ its interior. Let z be a smooth boundary-defining function of ∂M ,
i.e. z > 0 onM◦, ∂M = {z = 0}, and dz 6= 0 on ∂M . Let us recall that given
z, there exists W ⊇ ∂M , ǫ > 0 and a diffeomorphism φ : [0, ǫ) × ∂M → W
such that z◦φ agrees with the projection to the first component of [0, ǫ)×∂M
(see e.g. [Le03, Thm. 9.25]). We always assume that such φ is already
given and drop it in the notation subsequently. When working close to the
boundary we will use various notation proper of [0, ǫ) × ∂M whenever it is
unlikely to cause any confusion.
On the boundaryless manifold ∂M we use the conventional notation
D′(∂M) for the space of distributions.
The signature of Lorentzian metrics is taken to be (+,−, . . . ,−).
3.2. Setup. Let us first introduce the setup. We employ Vasy’s definition of
asymptotically AdS spacetimes [Va12]. Let M be an n-dimensional (n ≥ 2)
smooth manifold M with boundary ∂M , and suppose g is a Lorentzian
metric on its interior M◦.
Definition 3.1. (M,g) is called an asymptotically anti-de Sitter (aAdS)
spacetime if near ∂M , the metric g is of the form
(3.14) g =
−dz2 + h
z2
,
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with h ∈ C∞(M ; Sym2T ∗M) such that with respect to some product de-
composition M = ∂M × [0, ǫ)z near ∂M , the restriction h↾∂M is a section of
T ∗∂M ⊗ T ∗∂M and is a Lorentzian metric on ∂M .
To account for the fact that null geodesics in M◦ can hit the boundary,
it is useful to introduce the notion of broken null geodesics on M . They
can be defined as the projection to M of the so-called generalized broken
bicharacteristics, see [Va12] for the definition and a discussion in the present
context.
Similarly to [Va12], we make the following two global assumptions:
(TF) there exists t ∈ C∞(M) which on each broken null geodesic is either
strictly increasing or strictly decreasing, and takes all real values;
(PT) topologically, M = Rt×Σ for a compact manifold Σ with boundary,
and {t = s} × Σ is spacelike for each s ∈ R.
The basic examples are:
Example 3.2. The universal cover of anti-de Sitter space can be described
as the manifold MAdS = Rt × Bn−1 (where Bn−1 is the closed ball) with
metric given by
gAdS =
−(1 + z2)−1dz2 + (1 + z2)dt2 − dω2
z2
on [0, 1)z × Rt × Sn−2ω , and with boundary ∂MAdS = {z = 0}, see e.g. the
discussion in [Va12].
Example 3.3. The Poincare´ patch of anti-de Sitter space is the manifold
MPAdS = [0,∞)z × Rn−1 equipped with the metric
gPAdS =
−dz2 + dt2 − dx2
z2
.
We consider the Klein-Gordon operator on an aAdS spacetime (M,g):
(3.15) P ··= ✷g + ν2 − (n−1)
2
4 ,
where ✷g =
1√
|g|
∂µ(
√|g|gµν∂ν). Throughout the paper we assume that
ν > 0 (this is the so-called Breitenlohner–Freedman bound [BF82]), so that
the analysis in [Va12] applies, cf. [Ba11, Ho12, Wa13, Wa15, Ga15] for related
results.
3.3. Spaces of distributions. We now briefly introduce spaces of distri-
butions which are natural for studying solutions of Pu = f with Dirichlet
boundary conditions. We remark that this is less straightforward than on
globally hyperbolic spacetimes, since solutions with compactly supported
data can reach the boundary ∂M (which plays the roˆle of spatial infinity) at
finite times. Thus, special care is needed to capture the correct behaviour
at ∂M .
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We follow [Va12, Wr17], and refer the reader there for the precise defini-
tions, including a description of how the various spaces are topologized.
Let L2(M) = L2(M,g), and let us denote by (·|·)L2 the corresponding
inner product.
The space of extendible distributions C−∞(M) is defined as the dual of
the space of smooth functions vanishing with all derivatives at ∂M .
The zero-Sobolev space of order 1 is defined by
H10 (M) =
{
u ∈ C−∞(M) |Qu ∈ L2(M) ∀Q ∈ Diff10(M)
}
,
where Diff10(M) is the space of all vector fields vanishing at ∂M . Further-
more, one sets H00 (M) = L
2(M), andH−10 (M) is the dual ofH
1
0 (M), defined
using the L2(M) pairing.
For k ∈ {−1, 0, 1}, Hk,∞0,b (M) is the Fre´chet space of conormal distribu-
tions respective to Hk0 (M), i.e.,
Hk,∞0,b (M) =
{
u ∈ Hk0 (M) |Qu ∈ Hk0 (M) ∀Q ∈ Diffb(M)
}
,
where Diffb(M) consists of differential operators which are polynomials of
vector fields tangent to ∂M . The space H−k,−∞0,b (M) is then defined as the
dual of Hk,∞0,b (M).
We will also consider the subspace Hk,∞0,b,c(M) of H
k,∞
0,b (M) (resp. the sub-
space Hk,−∞0,b,c (M) of H
k,−∞
0,b (M)) that consists of compactly supported ele-
ments. Here, ‘compact support’ is meant in the sense of the manifold with
boundary M , in particular overlapping ∂M is allowed. Since in our setup,
spatial directions are compactified, ‘compact support’ is interpreted as ‘sup-
ported in a finite interval of time’.
Furthermore, let Hk,∞0,b,loc(M) be the space of distributions such that their
localization with test functions (smoothly extendible across ∂M) belongs
to Hk,∞0,b (M). We define H
k,∞
0,b,c(M) similarly. Then, once appropriately
topologized as inductive limits of Fre´chet spaces, Hk,∞0,b,loc(M) is in duality
with H−k,−∞0,b,c (M), and H
k,∞
0,b,c(M) is in duality with H
−k,−∞
0,b,loc (M).
Let us remark that over the interior M◦, Hk,∞0,b,loc(M) coincides with
C∞(M◦) (the usual space of smooth functions on the interior) andHk,−∞0,b,loc(M)
with D′(M◦). For our purpose, the spaces Hk,∞0,b,c(M) provide a good replace-
ment for the space of test functions C∞c (M◦) used in the globally hyperbolic
case.
3.4. Symplectic space of solutions. Let us denote by Hk,∞0,b,±(M) the
space of future/past supported elements of Hk,∞0,b,loc(M), i.e.
(3.16)
Hk,∞0,b,±(M) =
{
u ∈ Hk,∞0,b,loc(M) | suppu ⊂ {±t ≥ ±t0} for some t0 ∈ R
}
.
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By [Va12, Thm. 1.6], there exist Dirichlet retarded/advanced propagators,
denoted by respectively P−1± , i.e. unique continuous operators
(3.17) P−1± : H
−1,∞
0,b,± (M)→ H1,∞0,b,±(M)
that satisfy PP−1± = 1 on H
−1,∞
0,b,± (M) and P
−1
± P = 1 on H
1,∞
0,b,±(M).
The difference of the two propagators,
(3.18) G ··= P−1+ − P−1− : H−1,∞0,b,c (M)→ H1,∞0,b,loc(M),
is an analogue (in general not unique, since different boundary conditions
are possible) of the Pauli-Jordan propagator (also called causal propagator
or commutator function) on globally hyperbolic spacetimes.
It is straightforward to show the following proposition, which is an ana-
logue of [Wr17, Prop. 3.1] for real-valued function spaces.
Proposition 3.4. The R-bilinear form (·|G·)L2 induces a non-degenerate
symplectic form on the quotient space
(3.19) X ··=
H−1,∞0,b,c (M ;R)
PH1,∞0,b,c(M ;R)
.
As it is the inductive limit of Fre´chet spaces, H−1,∞0,b,c (M ;R) is barreled.
By [Tr67, Prop. 33.1], X equipped with the quotient topology is a barreled
space.
We denote by σ the symplectic form from Proposition 3.4. The symplectic
space (X , σ) represents the classical field theory in the bulk: it can indeed be
shown that (X , σ) is isomorphic to a suitable symplectic space of solutions
of Pu = 0 [Wr17] (cf. [DF17] for an approach specialized to the Poincare´
patch of AdS, though allowing for different boundary conditions).
3.5. Boundary data of classical fields. Let ν± =
n−1
2 ± ν be the two
indicial roots of P . The next proposition is a variant of [Va12, Prop. 8.10]
shown in [Wr17, Prop. 3.7].
Proposition 3.5. Suppose that u ∈ H1,−∞0,loc (M) solves Pu = 0. Then u is
of the form
(3.20) u = zν+v, v ∈ C∞([0, ǫ)z ;D′(∂M)).
Furthermore, the map u 7→ v ↾∂M is continuous in the H1,−∞0,loc (M) and
D′(∂M) topologies.
In the present setting, the classical bulk-to-boundary map is the continu-
ous map
(3.21)
∂+ : z
ν+C∞([0, ǫ)z ;D′(∂M))→ D′(∂M)
∂+u ··= (z−ν+u)↾∂M .
On solutions of Pu = 0, ∂+ coincides with the map u 7→ v ↾∂M from
Proposition 3.5. By identifying elements of X ′ (the dual of the quotient
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space X defined in (3.19)) with solutions of Pu = 0, we also obtain a map
∂+ : X ′ → D′(∂M), which is continuous by Proposition 3.5. An important
question for us is whether it is injective, at least in some weak sense.
Definition 3.6. For O ⊂ ∂M open we define its domain of uniqueness
V (O) ⊂ M to be the maximal open set such that for any u ∈ H1,−∞0,b,loc(M)
solving Pu = 0 on M we have the implication
(3.22)
(
∂+u = 0 on O
)⇒ (u = 0 on V (O)).
We say that the unique continuation property holds true on O if V (O) 6= ∅.
We now make the connection with the abstract framework introduced in
Section 2. For O ⊂ ∂M open and V ⊂M open we set
Xbd(O) ··= C∞c (O), Xbulk(V ) ··=
H−1,∞0,b,c (V ;R)
PH1,∞0,b,c(M ;R) ∩H−1,∞0,b,c (V ;R)
.(3.23)
In particular, Xbulk(M) = X , where X was defined in (3.19). We remark
here that given a quotient space E/F and a subspace K ⊂ E, we have a
canonical injection (E∩K)/(F ∩K)→ E/F given by f +(F ∩K) 7→ f +F .
In this sense we can treat Xbulk(V ) as a subspace of Xbulk.
Let η ∈ Ls(X ,X ′) be continuous and suppose it satisfies the positivity
condition
(3.24) η ≥ 0 and |v1 · σv2| ≤ (v1 · ηv1)1/2(v2 · ηv2)1/2, v1, v2 ∈ X .
Note that since X is a quotient space, well-definiteness of η means that η is
a bi-solution, i.e.
(3.25) P ◦ η = 0 on H−1,∞0,b,c (M) and η ◦ P = 0 on H1,∞0,b,c(M).
Continuity means that
(3.26) η : H−1,∞0,b,c (M)→ H1,−∞0,b,loc(M) is continuous.
The properties (3.24)–(3.26) are satisfied e.g. by the covariances of any holo-
graphic Hadamard state, see [Wr17]. In particular this is true for the covari-
ances of ground states on static aAdS spacetimes.
We define as in Subsect. 2.2 the C∗-algebras
(3.27)
Abd(O) ··= CCR
(
(Ran (∂′ ↾ Xbd))cl, σcpl
)
,
Abulk(V ) ··= CCR
(X clbulk, σcpl
)
,
where now Xbd = Xbd(O), Xbulk = Xbulk(V ), and ∂ = ∂+. The comple-
tions and closures refer to the topology induced by η. Note that using the
completion is necessary because distributions of the form ∂′f have a ‘Dirac
delta singularity’ at the boundary, and are therefore too singular to belong
to X .
We remark that (3.27) defines isotonic nets of algebras, i.e., O1 ⊂ O2
implies Abd(O1) ⊂ Abd(O2) and V1 ⊂ V2 implies Abulk(V1) ⊂ Abulk(V2).
By applying Theorem 2.2 we obtain:
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Theorem 3.7. Let O ⊂ ∂M be an open set, and let V (O) be its domain of
uniqueness (see Definition 3.6). Let Abd(O) and Abulk(V (O)) be defined by
(3.27) for some η satisfying (3.24)–(3.26). Then
(3.28) Abd(O) ⊃ Abulk(V (O)).
This result can be reformulated in a Kay-Wald representation by analogy
with Theorem 2.5.
We point out, that in the case when (M,g) is analytic, our unique con-
tinuation property V (O) 6= ∅, where V (O) is some bulk neighborhood of
O, holds true by Holmgren’s theorem2, for O arbitrarily small. Thus, our
Theorem 3.7 is directly applicable in the analytic case.
It is an interesting question for future research if our result also applies to
spacetimes which are smooth, but not analytic. We restrict ourselves here
to several remarks in favour of such conjecture.
A weaker variant of the unique continuation property was established
recently by Holzegel and Shao [HS16, HS17], for more restrictive classes of
solutions of Pu = 0. For convenience our terminology refers to Dirichlet
boundary conditions and linear fields exclusively. In this narrowed setting,
the results of Holzegel and Shao can be summarized as follows.
(1) On a large class of aAdS spacetimes, the local unique continua-
tion property for sufficiently smooth solutions u holds true on O if
[−T, T ]× ∂Σ ⊂ O for T sufficiently large (enough for null geodesics
to refocus in that interval of time). As of now, there is no known
general estimate on the size of V (O). (See condition (PT) above for
the definition of Σ).
(2) In the exact AdS case, V (O) =M for O as above.
We emphasize that the statement and the proof of (1) do not use analyticity
and admits generalizations to non-linear classical fields.
It is expected that the statement (2) should hold true for some larger
class of spacetimes. On the other hand, the assumption on the minimal size
of O in (1) is expected to be necessary if one does not assume analyticity.
To apply our main result one needs to know if for O as in Holzegel
and Shao’s work, the unique continuation property holds true for all u ∈
H1,−∞0,b,loc(M), rather than merely for all u smooth. In view of Remark 2.4 it
would actually be sufficient to prove this for all u ∈ H1,−
1
2
0,b,loc(M) (see [Va12]
for the definition of that space), under the assumption that η maps con-
tinuously H
−1, 1
2
0,b,c (M) → H
1,− 1
2
0,b,loc(M) (which is expected to be the case in
applications). Outside of the context of anti-de Sitter spacetimes it would
be also interesting to know if the results of Ionescu and Klainerman [IK09]
and Lerner [Le17] on unique continuation across characteristic surfaces can
be extended to some low regularity classes of solutions.
2See e.g. [Ho¨85, Thm. 8.6.5].
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Appendix A. Quasi-free states and Kay-Wald representation
We follow here the book [DG13] and the lectures notes [Ge´18].
A.1. Fock spaces. Let h be a complex Hilbert space and Γ(h) the sym-
metric Fock space, with the vacuum vector denoted by Ωvac. We denote by
a(∗)(h), h ∈ h, the creation and annihilation operators. They satisfy
[a(h1), a
∗(h2)] = (h1|h2)1, h1, h2 ∈ h,(A.29)
and all the other commutators vanish. We also define
φF(h) ··= 1√
2
(
a∗(h) + a(h)
)
and WF(h) ··= eiφF(h).(A.30)
From this we compute
(A.31)
[φF(h1), φF(h2)] = iIm(h1|h2)1,
WF(h1)WF(h2) = e
− i
2
Im(h1|h2)WF(h1 + h2).
The next lemma is standard, see e.g. [RS75, Thm. X.41 (d)].
Lemma A.1. Suppose that hn → h in the norm topology of h. Then, for
any Ψ ∈ Γ(h), WF(hn)Ψ→WF(h)Ψ.
A.2. CCRAlgebras. A bilinear form σ ∈ L(X ,X ′) is called pre-symplectic
if it is antisymmetric. If, in addition, it is non-degenerate, then it is called
symplectic.
Let (X , σ) be a (pre)-symplectic space. The polynomial CCR algebra is
the ∗-algebra generated by abstract scalar fields φ(v), v ∈ X , satisfying the
relations
φ(v1 + λv2) = φ(v1) + λφ(v2),(A.32)
φ∗(v) = φ(v),(A.33)
[φ(v1), φ(v2)] = i(v1 · σv2)1.(A.34)
Now, the Weyl CCR algebra CCR(X , σ) is the C∗-algebra generated by
X ∋ v 7→W (v) satisfying
(A.35)
W (v1)W (v2) = e
− i
2
v1·σv2W (v1 + v2),
W (v)∗ =W (−v), W (0) = 1.
A.3. Quasi-free states and their GNS representations. A quasi-free
state ω on A = CCR(X , σ) has the property
v 7→ ω(W (v)) = e− 12v·ηv ,(A.36)
where η : X → X ′ is the covariance. Positivity of the state is equivalent to
(A.37) η ≥ 0 and |v1 · σv2| ≤ (v1 · ηv1)1/2(v2 · ηv2)1/2, v1, v2 ∈ X .
If σ is symplectic, we have ker η = {0} by (A.37). We denote by X cpl the
completion of X for (v · ηv)1/2 which is a real Hilbert space. The exten-
sion σcpl of the symplectic form σ is bounded on X cpl but may become
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degenerate. We also recall that ω induces a unique quasi-free state ωcpl on
CCR(X cpl, σcpl) and we denote the resulting covariance by ηcpl.
In order to construct a complex Hilbert space out of the real Hilbert space
X cpl, σcpl and ηcpl we need the following fact:
Proposition A.2. Let ηcpl be the real covariance of a quasi-free state on
the algebra CCR(X cpl, σcpl) such that ηcpl is non-degenerate and X cpl is
complete for the norm (v · ηv)1/2. Then if dimkerσcpl is even or infinite,
there exists an anti-involution j on X cpl s.t. (ηcpl, j) is Ka¨hler, that is, ηcpl
is positive and −ηcplj is symplectic.
The first step of the proof of this proposition is to conclude from (A.37)
that σcpl = 2ηcplb, where b ∈ L(X cpl) is an antisymmetric operator s.t. ‖b‖ ≤
1. Then, one uses the polar decomposition of b on the orthogonal comple-
ment of Ker b and an arbitrary anti-involution on Ker b to construct j.
We equip X cpl with the complex structure j as above and define the scalar
product
(v1|v2)KW ··= v1 · ηcplv2 − iv1 · ηcpljv2,(A.38)
which turns (X cpl, j, ( · | · )KW) into a complex Hilbert space which we will
denote by XKW. We denote by X cplKW the complex conjugate space, which is
obtained by replacing j with −j in the above construction. X cplKW and X
cpl
KW
coincide as real vector spaces and the resulting (antilinear) identity map is
denoted by x → x. Also given a linear map a : X cplKW → X cplKW we define
a : X cplKW → X cplKW by a x = ax. Using these definitions, we set
hKW ··= XKW ⊕ 1R\1(|b|)XKW,(A.39)
φKW(v) ··= φF((1 + |b|)1/2v ⊕ (1− |b|)1/2v), v ∈ X cpl,(A.40)
acting on Γ(hKW). For the Weyl algebra one then obtains as in [Ge´18,
Prop. 4.18] the Kay-Wald representation:
Proposition A.3. The triple (HKW, πKW,ΩKW) defined by
HKW ··= Γ(hKW), πKW(W (v)) = eiφKW(v), v ∈ X cpl, ΩKW = Ωvac
is the GNS triple of the quasi-free state ω on CCR(X cpl, σcpl).
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